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Abstract. We prove existence of global attractors for parabolic equations of the 

form 

ut + (3(x)u — di(aij(x)dju) = f(x, u), x G O, t G [0, oo[ , 

ij 

u(x,t)=0, x G dfl, t G [0, oo[ . 

on an arbitrary unbounded domain in R 3 , without smoothness assumptions on 
dij (■) and dfl. 

1. Introduction 

In this paper we study the existence of global attractors for semilinear parabolic 
equations of the form 

u t + (3(x)u — di(ciij(x)dju) = f{x, u), x G O, t G [0, oo[ , 
(1.1) ij 

u(x,t) = Q, x G dfl, t G [0, oo[ . 

Here, = 3 and O is an arbitrary open set in f^, bounded or not, (3: O — ► M and 
/: O x R — >• K. are given functions and Lit := di( a ij( x )dju) is a linear second- 
order differential operator in divergence form. We do not make any smoothness 
assumption on 90 and aij(-). 

Notice that, without smoothness assumptions on dQ and aij(-), it is not possible 
to study (1.1) in the L q setting for q ^ 2. The reason is that one cannot use 
the regularity theory of elliptic partial differential equations to characterize the 
fractional power spaces generated by — L + (3(x). On the other hand, in order to 
work in the L 2 setting one must impose growth conditions on /. In particular, for 
N = 3 the critical exponent is p = 5. The lack of regularity also prevents us from 
being able to use the e-regular mild solutions introduced by Arrieta and Carvalho 
in [2] to treat the critical case. Therefore we shall assume in this paper that / has 
subcritical growth. 

There is vast literature concerning existence of global attractors for reaction- 
diffusion equations on bounded domains (see e.g. [10,12,5,16,8]). In this case the 
asymptotic compactness property for the solutions of the equations follows from 
the compactness of the Sobolew embedding H 1 C L 2 . For unbounded domains 
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this embedding is no longer compact and so new ideas are needed to obtain the 
asymptotic compactness property. 

In [6] Babin and Vishik considered an equation of the form 

ut + u - Au = f(u) +g(x), x g M. N , t g [0,oo[, 

with / satisfying the dissipativeness condition f(u)u < and the monotonicity 
condition f'(u) < £ . They overcame the difficulties arising from the lack of com- 
pactness by introducing weighted Sobolev spaces. More recently, Wang considered 
the same equation in [17] and established the asymptotic compactness of the solu- 
tions in the space L 2 , under the same hypotheses as those in [6]. To this end, he 
developed a technique based on tail-estimates of the solutions outside large balls. 
The simple remark in [13] shows that the solutions are actually asymptotically 
compact in the natural energy space H 1 . 

The equation studied in [6,17] has a very special form. In [4] Arrieta et al. 
considered the more general equation 

u t — Au = f(x, u), x G O, t G [0, oof , 
u(x,t) = 0, x G <90, t G [0, oof . 

In that paper O is an unbounded domain with uniformly C 2 -boundary. The func- 
tion / has the form f(x, u) = m(x) +fo(x, u) +g(x) and satisfies the dissipativeness 
condition f(x,u)u < C(x)\u\ 2 + D(x)\u\, where C is such that the semigroup gen- 
erated by A + C{x) decays exponentially. The operator A could be replaced by a 
general second order differential operator in divergence form like L, provided the 
coefficients Oy are sufficiently smooth. The authors proved several results about 
existence of attractors in various Sobolev spaces, depending on the growth of / 
and on the summability properties of m, g, C and D. Their technique is based 
on the abstract comparison results of [3] and ultimately on the maximum principle 
for the heat equation. In order to apply the comparison results of [3], one needs 
to check that the nonlinear function /o satisfies the following property: for every 
r > there exists a constant k such that the mapping u(-) i— > fo(-,u(-)) + ku(-) 
is increasing on the ball of radius r in the functional space in which the problem 
is set. In general this property is not satisfied, so one needs to 'prepare' the func- 
tion fo before applying the comparison theorem. This means that one must first 
find some (local) L°°-bound for the solutions and then modify fo so as to obtain 
a globally Lipschitzian function. Such L°°-bounds are obtained through a boot- 
strapping argument which is possible only if 90 and satisfy suitable smoothness 
assumptions. 

In this paper we prove existence of global attractors for the parabolic equation 
(1.1) on an arbitrary unbounded domain O in R 3 , without smoothness assumptions 
on ciij(-) and 90. To this end we exploit the tail-estimate technique of Wang and 
the remarkable fact that the equation admits a natural Lyapunov functional. Our 
hypotheses on the function / are very general and, in particular, they cover the 
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cases considered in [3]. Moreover, since our proof does not depend on the maximum 
principle, it works also for systems of equations with gradient nonlinearities. 

In order to present our results in more detail, let us first describe the notation 
used in this paper. 

Notation. Let O be an arbitrary open set in ~R N . Given any measurable function 
v: O — > R and any v G [1, oof we set, as usual, 

\v\l» = \v\l"(si) '■= {^J \v(x)\ v dx^j < oo. 

Moreover, for v G Hq(Q) we set \v\ H i = Mn^n) := (|V-u|| 2 + \u\ 2 L2 ) 1 ^ 2 - 

We also use the common notation X>(0) resp. T>'(Q) to denote the space of all 

test functions on O, resp. all distributions on O. If w G T>'(Q) and ip G T>(Q), then 

we use the usual functional notation w(ip) to denote the value of w at <p. 

Given a function g: O x 1 ^ R, we denote by g the (Nemitski) operator which 

associates with every function u: O — > R the function g(u) : O — > R defined by 

= it (a;)), 

If X is a normed space and tt: I C R — > X is differentiable into X at t G / then 
we often denote the derivative of « at t by <9(-u;X)(t), in order to indicate its 
dependence on X. 

Unless specified otherwise, all linear spaces considered in this paper are over the 
real numbers. 

Definition 1.1. Let w:Q — > R be a measurable function and let 7 G]0, 1] be a 
real number. We say that w G £ 7 if and only if one of the following conditions is 
satisfied: 

(1) 7 G]0, 1[ and there exists a constant C > such that for all e > and all 

\\w\ 1/2 u\ L2 <C(7£|w| H i +(l-7)e" 7/(1 " 7 Vk 2 ) 

(2) 7 = 1 and there exists C > swc/i t/iat for all u G i/g (Cl) 



\w 



1/2 u\ T2 <C\u\ m . 



Remark. Denote by L^(IR W ) the set of measurable functions v:R — > R such that 

\ v \l» '■= sup / |f(a;)| i/ dx 1 < 00, 
y eR N \Jb(v) J 

where, for y G M. N , B(y) is the open unit cube in M. N centered at y. By carefully 
checking the proof of Lemma 3.2 in [14] , we obtain that if the trivial extension wofw 
toR N liesinL^R^) for some v G [(N/2), 00 [ then w G 5 7 , with 7 = (6z/-2*)/4zA 
Notice that if v = N/2 then 7 = 1. 
We make the following assumptions: 
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Hypothesis 1.2. 

(1) ao, cii G ]0, oof are constants and a^: Cl —> WL, i, j = 1, . . . , N are functions 
in L°°(0) such that = aji, i, j = 1, . . . , N, and for every £ G R N and 

a.e. x G tt, a |£| 2 < J2^j=i a ij( x )^3 ^ a il£| 2 - A ( x ) : = ( a ij( x ))Z=i> 
x G O. 

(2) /3: O — > R is a measurable function with the property that for every e G ]0, oo[ 
there is a C e G [0, oof roift 1 1 / 2 zi| ^ 2 < +C £ \u\ 2 l2 for all u G Hq(Q) 
{this is slightly less restrictive than the requirement that (3 G E 1 for some 
7 G]0,1[). 

r N 

(3) Ai := inf { / [ V a lj d l ud j u + (3\u\ 2 } dx \ u G H^(n), \u\ L 2 = 1 } > 0. 

Jn ^,J=l 

Hypothesis 1.3. 

(1) C and~p G [0, oof are constants with~p G [2, 4[ and c: O — > [0, oof is a function 
with c G L^O); 

(2) a: O — > R is a measurable function with the property that a <E £^ for some 
7 G]0,1[. 

(3) /: O x R — > R is such that x i— > it) is Lebesgue measurable for all u G R 
and u h /(i, -a) is a C 1 -function for a.e. x G O; 

(4) |<9 Ut f(:r, it) | < C(a(x) + |w| p ) /or every -a G R and a.e. xG O; 

(5) /(•,()) GL 2 (Q); 

(6) f(x,u)u < c(x) and f Q f(x, s) ds < c(x) for a.e. igO and every «Gl. 

Under Hypothesis 1.2 the differential operator u i— > —Lit + (3{x)u defines a pos- 
itive self-adjoint operator A:Z)(A) C X — > X on the Hilbert space X = L 2 (fi). 
-D(A) endowed with the graph norm of A is continuously included in Hq(Q). The 
operator A generates the family X a = D(A a ), a G [0, oof, of fractional power 
spaces. Setting X~ a = (X a )\ a G [0, oof, we can construct a family A( a ), a G R, of 
self-adjoint operators, such that A (a) :X a -> I"" 1 . Moreover, £>(A^ q) ) = X a + /3 " 1 
for all a, /3 G R. 

Under Hypothesis 1.3 one can find an a G ]0, 1[ such that the function / generates 
a locally Lipschitzian Nemitski operator f-.H^Q) = D(A^^^) — > By 

general results on abstract parabolic equations (see e.g. [11]), (1-1) generates a 
local semiflow tt on Hq(O). The choice of a depends on p and 7. The semiflow 7r 
does not depend on the choice of a. 

The main result of this paper can now be stated as follows. 

Theorem 1.4. Assume Hypotheses 1.2 and 1.3. Then tt is a global semiflow and 
it has a global attractor A. A lies in X 1-0 and is compact in the norm of X x ~ a . 

2. Preliminaries 

We assume the reader's familiarity with attractor theory on metric spaces as 
expounded in e.g. [10] or, more recently, in [8] and we just collect here a few 
relevant concepts from that theory. 
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Definition. Let Fbea metric space. Recall that a local semiflow tv on Y is, by 
definition, a continuous map from an open subset D of [0, oof x Y to Y such that, 
for every x G Y there is an uj x = (jJ-k,x G ]0, oo] with the property that (£, x) £ D 
if and only if t G [0, oj x [, and such that (writing XTvt := n(t,x) for (£, x) G -D) 
X7r0 = x for x G y and whenever (t, x) G D and (s, X7rt) G D then (£ + s, x) <E D 
and X7r(t + s) = (xivt)Tvs. Given an interval 7 in K, a map a: I — > F is called a 
solution (of ir) if whenever t G I and s G [0, oo[ are such that t + s E I, then a(t)ns 
is defined and a(t)irs = a(t + s). If 7 = IR, then a is called a full solution (ofir). A 
subset S 1 of Y is called (V- )invariant if for every x £ S there is a full solution a with 
<t(R) C £ and cr(0) = A point i G F is called an equilibrium of tv if X7rt = x for 
all all t G [0, cu x [. 

Given a local semiflow 7r on Y and a subset A of Y ', we say that 7r does not 
explode in N if whenever x G F and X7r [0, cu x [ C A, then uj x = oo. A global 
semiflow is a local semiflow with uj x = oo for all 

Now let 7r be a global semiflow on Y. A subset A of Y" is called a global attractor 
(rel. to w) if A is compact, invariant and if for every bounded set B in Y and every 
open neighborhood U of A there is a £b 5 [/ G [0, oo[ such that xnt G U for all x G B 
and all t G [ts,u^ oo[. It easily follows that a global attractor, if it exists, is uniquely 
determined. 

A subset B of Y is called (Tv-)ultimately bounded if there is a £b G [0, oof such 
the set {xnt | x G -B, t G [ts, oof } is bounded. 

7T is called asymptotically compact if whenever £? C Y is ultimately bounded, 
(x n ) n is a sequence in B and (t n ) n is a sequence in [0, oof with t n — > oo as n — > oo, 
then the sequence (x n 7rt n ) n has a convergent subsequence. 

The following result is well-known: 

Proposition 2.1. Let n be a global semiflow on a metric space Y . Suppose that 

(1) 7r is asymptotically compact; 

(2) every bounded subset of Y is ultimately bounded; 

(3) the set of all equilibria of tv is bounded; 

(4) there is a continuous function C: Y — > R which is bounded below, nonin- 
creasing along solutions of it and whenever £(xirt) = C(x) for all t G [0, oof 
t/ien x is an equilibrium ofir. 

Under these assumptions, tv has a global attractor. 

Proof. This is just [8, Corollary 1.1.4 and Proposition 1.1.3]. □ 

Given a Banach space X and a sectorial operator A: D(A) C X — > A in A 
with recr(A) > we know that —A is the generator of an analytic semigroup 
( e ~ At )te[o,oo[ °f linear operators on A. For a G ]0, oof we define, as usual, the 
operator A~ a : X — > A as 



A _a is injective and we define A a = A^ to be the range of A~ a . We define 
A a :X a -> A to be the inverse of We also set A = A and A = Id X - We 



(2.1) 
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call A~ a , resp. A a the basic fractional power of A of order —a, resp. a and we call 
X a the fractional power space of A of order a. X a is a Banach space with respect 
to the norm 

\u\x<* ■= \A a u\ x , u G X a . 

If P > a then X@ is a dense subset of X a . 
Moreover, 

(2.2) A- p A~^x = A-P-ix, a,0e]Q,oo[,x eX. 

Now let X be a Hilbert space and A:D(A) C X — > X be self-adjoint in X with 
rea(A) > 0. Then A is sectorial in X and, for a G ]0, oof, 

/■OO 

(2.3) A" a = / t" a d£(t), 

where (£ l (t))t £ K is the spectral measure defined by A. In this case the set X a is a 
Hilbert space with respect to the scalar product 

(u,v) x ° ■= (A a u,A a v) x , u,veX a . 

For a G ]0, oof let X~ a = X^ a be the dual space of X a . We endow X~ a with the 
scalar product (•, -)x~ a dual to the scalar product (■, -)x a , i-e. 

(u', v') x - a = V, R- X v') xa , u',v'e X~ a , 

where R a :X a — > X~ a is the Frechet-Riesz isomorphism u \— > (-,u)x a - 
X~ a is called the fractional power space of A of order —a. 
By </? denote the duality map from X to X', i.e. 

(f{x) := (■, x), x E X. 

Let a, /3 G R be arbitrary. If /? > a > 0, then let (p^ a \ X s3 -> X Q be the 
inclusion map; if If /3 > a > 0, then define the map (p_ a ^_p: X~ a — > X - ^ by 
(p- aj -p(y') = y' X(3 for y' G X _a i.e. for y':X a — > R linear and bounded; if /? > 0, 

define </? ,-/3:^° = X — » as follows: if x G X, then y> , is equal to 

the map y': X 13 — > R such that y'(y) = for all y G A^. It follows that 

y' = (fQ t -p(x) G so (po,-(3 is defined. Finally, if a > and /3 > 0, then let 

We have the following basic result. 

Proposition 2.2. For all a, (3 G M (3 > a the map (p/3, a '- X 13 — > X Q is defined, 
linear, bounded and infective. The set (pp^ a [XP\ is dense in the Hilbert space X a . 
Moreover, 

</Va=Idx«, a G M 
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and 

( P J , a = l P(3,a ol P 1 ,f3, a, P,1 € K, 7 > P > oc. 

For all a, 7 G K, 6* G [0, 1] and x G X 7 w;i£/j a < 7 and j3 = (1 — 6>)a + 6*7, i/ie 
interpolation inequality 



For aZZ a, ft & [0, oof, A, ^ := A ^|X a : X a — > X^ +a is a linear bijective isome- 



holds. 

r all a, P G [0, oof, A^ 
try. 

For every a G ]0, 00 [, P G [0, oof t/iere is a unique continuous map ^f a y X~ a 
X^~ a with ^.(^ a ) ¥>o,-a = <fp,p-a ^4 - ^- ^-(^a) * s a linear bijective isometry. 
For a G M and /3 G ]0, oo[ de/me tfie map X a -> X" /3+Q 6y 

A (a) ~~ ^(-/3+a)J 

and set A( a ) := )• Tnen for all 7, 7' G 1 with 7 > 7' and aZZ /3 G M, 



,-/3+7' ° ^f 7 ) = A (y) ° ^7,7' 



and /or all a, P and 7 G M, 



(-7+a) (a) (a) 



For a, ^ G 1 u>i£a /3 > a the map (p/3 :Ce is bijective from X 13 to <pp^ a [XP\. For a, 
P G ]0, 00 [ define the map 



and set ^4(- a ) := ^-(- a ) - ^ e ma ^ ^f-a) ^ s bijective and its inverse is ^-(_f a ) := 

For every a G ]0,oo[ i/ie map S := A { _ a) :D(B) = _ a \X x - a \ C X" Q -> 

X _a is self-adjoint in X~ a and rea(B) > 0. For P G ]0,oo[ let B~@ be the basic 
fractional power of B of order — P and Xg be the corresponding fractional power 
space. Then 

B-P = AT? , 

(-a) 

and 

The map ipp- a - a is an isometry of the Hilbert space X^~ a onto Xg. 
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Finally, whenever a E [0, (l/2)[, x E X 1 ~ a and v E X 1 / 2 C A" a , i/ien 

(A(!_ a) x).t; = (x,v) x i/2. 

Here, the dot '.' denotes function application between an element of X~ a and X a . 

Remark 2.3. In view of Proposition 2.2, for a, (3 € R with (3 > a one often regards 
<^/3 )a as an inclusion map and X@ as a (dense) subset of X a . 
Sometimes (cf e.g. [15]) the notation 

H a := X Q / 2 , a G R 

is used. We then set 

Ag:=i4f o/2) , Me» 

and 

A Q := A* , «el. 
Notice that A Q : if Q — > H a - 2 for all ael. 

Proposition 2.2 is well-known (see e.g. the book of Amann [1]) but it is not easy 
to find in the literature a proof that is both elementary and complete. Therefore, 
in the Appendix, we provide an elementary proof which presupposes only minimal 
knowledge of spectral measures. 

3. Some results on semilinear parabolic equations 

Proposition 3.1. Let X be a Banach space and A:D(A) C X — > X be sectorial. 
Let k E [0, oof be such that rea(A + kl) > and , (3 E [0, oof, be the family 
of fractional power spaces generated by A + kl . Let a E [0, 1[, g:X a — > X be 
Lipschitzian on bounded subsets of X a and tc be the local semiflow on X a generated 
by the solutions of the differential equation 

(3.1) u + Au = g(u). 

Suppose T E ]0, oof, u: [0, T] — > X a and uu'- [0, T] — > X a , k E N, are solutions of it 
such that, for some R E [0, oof, \u(t)\x a < R and \uk(t)\x a < R for all k E N and 
t G [0,T]. Ifu k (0) -> it(0) in X ask ^ oo, then, for every T G ]0,T], it fc (t) -> it(i) 
m X a as k ^ oo, uniformly for t E [T , T] . 

Proof. There is a constant L = L(i?) G [0, oof such that 

\g{vi) - g{v 2 )\x < L\v x - v 2 \x- 
for all v±, v 2 E X a with |i>i|x<* < -R and |i>2|x« < R- Now, for every fe G N and 

te]0,n 

u fc (f) - u{t) = e- M (u k (0) - u(0)) + T e-^*-)((/(« fc ( a )) - </(«(*))) da, 
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SO 

\u k (t) - u(t)\ xa < Ct- a \u k (0) - u(0)\ x + C f (t- s)- a \g(u k (s)) - g(u(s))\ x ds 

Jo 

< Cr a \u k (Q) - u(Q)\ x + CL [ (t- s)- a \u k (s) - u(s)\ x <* ds, 

Jo 

for some constant C G [0, oof, depending only on a. By Henry's inequality, cf. [11, 
Theorem 7.1.1] or [8, Lemma 1.2.9], this implies that 

(3.2) \u k (t) - u(t)\ x ° < C't- a \u k (0) -u(0)\ x , keN,te]0,T}. 

where C G [0, oo[ is a constant which only depends on (a, C, L,T). Estimate (3.2) 
implies the assertion of the Proposition. □ 

Theorem 3.2. Let X be a Hilbert space and A: D(A) C X — > X be self adjoint 
and bounded from below. Let k G [0, oof be such that re a (A + kl) > and X p , 
[3 G M, be the family of fractional power spaces generated by A + kl. Let a G [0, 1[, 
g: X a — > X be Lipschitzian on bounded subsets of X a and % be the local semiflow 
on X a generated by the solutions of the differential equation 

(3.3) ii + Au = g(u). 

If K C X a is a ^-invariant set which is compact in X a then K C X 1 = D(A) and 
K is compact in X 1 . 

Proof. By results in [11], K C X 1 . Let (u n ) n be an arbitrary sequence in K. Then 
there is a sequence (u n ) n of solutions of it lying in K such that u n (0) = u n for 
every n G N. Let (3 G ]0, 1[ be such that (3 > a. By [11, Theorem 3.5.2, and its 
proof] there is a constant C G ]0, oof such that for every n G N, u n is differentiable 
into X 13 and 

(3.4) \v n \p <C, neN 

where v n = d(u n ; X^)(0) for neN. There is a strictly increasing sequence (fim)?™ 
in N and au e K such that u Um — > u in X a as m — > oo. Thus, using the notation of 
Proposition 2.2, (p , a -i(A+kI)u nm -> ip ,a-i(A+kI)u in A" a_1 and#(?Z nm ) -> 
in X° as m -> oo so -<£ , a -iA?Z nm + ^o.a-iff^) -> -^o.a-iAu + ¥>o,a-i</(u) in 
X a_1 as m — > oo. Now 

d(u n ;X a )(t) = -Au n (t) + g(u n (t)), n G N, t G R. 

We thus conclude that (po, a -iv nrn — > — </?o,a-iAw + ¥>o,a-i<7Cw) m ^ a_1 as m — > 
oo. This together with (3.4) and the interpolation inequality from Proposition 2.2 
implies that v nm — > — Aw + (7(H) in X° as m — > 00. Thus —Au Um + g(u Um ) — > 
—Aw + (7(H) in X° as m — > 00 and as g(u nm ) — > g(u) in X° as m — > 00 it follows 
that Au Um — > Aw in X° as m — > 00. It follows that (A + kl)u nm — > (A + /c/)w in 
X° so «„ m — > u in X 1 . The theorem is proved. □ 
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4. Some linear estimates 

Remark Under Hypothesis 1.2 item (1) let the operator L: Hq(Q) — > V(Q) be 
defined by 

N 

Lu = di(a,ijdju), u E Hq(Q). 
The definition of distributional derivatives implies that 

JV 

(4.1) (Lu -pu){v) = - / [V ciijdiiidjV + puv] dx, u E H^(fl), v E V(fl). 
It follows by density that 

f N 

(4 2) ((Lw — /3u), f )l 2 = — / [ ciijdiudjV + Puv] dx for it, i> G #o(0) with 
Lu-pu E L 2 (0). 

Lemma 4.2. Assume Hypothesis 1.2. If k E [0, Ai[ arbitrary and ife and p are 
chosen such that e E ]0, ao[, p G ]0, 1[ and c := min(p(ao — e), (1 — p)(Ai — k) — 
p(s + Ce + k)) > then 



N 



c(\Vu\ 2 L 2 + \u\ 2 L2 ) < / [ a ij9iudjU + (P - k)\u\ 2 ] dx 

< C(|Vu|£ 2 + \u\ 2 L2 ), u E Hl{Q) 

where C := max(ai + e, e + Cj) ■ 

Proof. This is just a simple computation. □ 

Lemma 4.3. Assume Hypothesis 1.2. Foru, v E Hq(Q) define 

f N 

(4.3) (it, v)i = / [ 2_, ctijdiudjV + Puv] dx. 

(•, -)i is a scalar product on Hq(Q) and the norm defined by this scalar product is 
equivalent to the usual norm on Hq(Q). 

Proof. This follows from Lemma 4.2. □ 

Lemma 4.4. Suppose (Y,(-,-)y) and (X,(-,-)x) are (real or complex) Hilbert 
spaces such that Y C X , Y is dense in (X, (■, -)x) and the inclusion (Y, (•, -)y) — > 
(X, (•, -)x) is continuous. Then for every u E X there exists a unique w u EY such 
that 

(v, w u ) Y = (v, u) x for all v EY. 
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The map B: X X , u ^ w u is linear, symmetric and positive. Let B 1 / 2 be 
a square root of B, i.e. B l / 2 :X — > X linear, symmetric and B 1 ! 2 o B 1 ! 2 = B. 
Then B and B 1 ! 2 are injective and R(B) is dense in Y. Set X 1 / 2 = X X J 2 = 
R(B 1 ^ 2 ) and B^^-.X 1 ! 2 — > X be the inverse of B 1 / 2 . On X 1 / 2 the assignment 
{u,v)i/2 '•= (B~ 1 / 2 u,B~ 1 / 2 v) x is a complete scalar product. We have Y = X 1 / 2 
and (;-} Y = (-,-)i/2- 

Proof. The function v h- > (v, u)x is linear and continuous on Y. Thus Frechet-Riesz 
theorem implies the existence and uniqueness of w and the linearity of B. Since, 
for u and v G X 

(4.4) (Bu, v) x = (Bu, Bv) Y = (u, Bv) x 

it follows that B is symmetric and positive. If u G X and Bu = then = 
(v, Bu)y = (v,u)x for all v G Y and since Y is dense in X we see that u = so B 
is injective. It follows that B 1 ! 2 is injective as well. If v e Y and (v, Bu)y = for 
all u G X then (v, u)x = for all u G X so v = 0. It follows that R(B) is dense in 
Y\ Clearly (•, is a complete scalar product on X 1 / 2 . If v G X 1 / 2 and u £ X 
then 

(v,Bu) 1/2 = {B- l ' 2 v,B 1 / 2 u) x = (v,u) x . 

Thus if (v, Bu) 1/2 = for all tt G X , then i> = 0. This shows that R(B) is dense in 
X 1 / 2 . We claim that 

(4.5) (u,v) Y = (u, f)i/ 2 , u,veR(B). 

In fact, if w and f G -R(-B) then u = Bu and v = Bv for some u and dgI. Thus 

(it,v)y = (u, Bv) Y = (u,v) x 

and 

(u,v) 1/2 = (B 1 ' 2 u,B 1 ' 2 v) x = (Bu,v) x = (u,v) x . 

The claim is proved. 

Since B 1 ! 2 is continuous from X to X with bound \B l t 2 \ it follows that, for all 

u G X 1 ' 2 , 

\u\x < \B 1/2 \ \B- l ' 2 u\ x = \B 1/2 \ \u\ 1/2 

so the inclusion map (X 1 / 2 , | ■ \i/ 2 ) — > (X, | • |x) is continuous. 

Now, if fx G y, then there is a sequence (it n ) n in R(B) converging to u in Y . It 
follows that (u n ) n is a Cauchy sequence in Y, so, by (4.5), it is a Cauchy sequence 
in X 1 / 2 and so it converges to a v G X 1 / 2 . By what we have proved so far, (u n ) n 
converges to v and to u in X. Thus ix = v so it G X 1 / 2 . It follows that Y C X 1 / 2 . 
The same argument, with T' and 'X 1 / 2 ' exchanged with each other, proves that 
X 1 / 2 c y. The last statement of the lemma follows from (4.5) by density. □ 
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Proposition 4.5. Let D(A) be the set of all u G Hq(Q) such that Lu— flu G L 2 (fi). 
For u G D(A) define 

Au = —Lu + (3u. 

Then A:D(A) — > L 2 {VL), selfadjoint in X = L 2 (0) with recr(A) > 0. Moreover, if 
X a , a > 0, is the family of fractional power spaces generated by A, then X 1 / 2 = 
Hq(Q) and the scalar product onX 1 ! 2 is identical to the scalar product (•, -)i defined 
in Lemma 4.3. 

Proof. Let (•, •) denote the scalar product of L 2 (Q). From (4.2) we conclude that 
(4.6) (-Au,v) = (v,-Au), u,veD(-A). 

Lemma 4.2 implies that 

(-A«,«)<0, ueD(-A). 

We have thus proved that —A is symmetric and dissipative. We will now prove 
that —A is m-dissipative. To this end, we must prove that for every A G ]0, oo[ and 
every g G L 2 (0) there is a u G D(—A) such that 

u + XAu = g. 

Define the bilinear form b: H^(tt) x H^(Q) -> R by 

b(u, v) = / uvdx + X / [ aijdjudjV + (3uv] dx, u,v G Hq(Q). 
Jn Jn i 

It follows from Hypothesis 1.2 and Lemma 4.2 that there are constants C and 
c G ]0, oo[ such that, for u, v G Hq(Q) 

\b(u,v)\ < C\u\ H i\v\ H i 

and 

b(u, u) > clwl^i. 

Thus Lax-Milgram theorem shows that for every g G L 2 (0) there is a u G -ffo(fi) 
such that 

b{u,v) = (g,v), veH^(fl). 

In particular, w + X(—Lu + f3u) = g in the distributional sense. It follows that 
— Lu + flu G L 2 (0) so u G -D(A) = D(— A) and u + XAu = g. Therefore, indeed, 
—A is m-dissipative. Now an application of the results of [7, Section 2.4] shows 
that —A is selfadjoint. Thus A is selfadjoint and recr(A) > by Lemma 4.2. 
To prove the last statement of the Proposition, set (X, (•, -)x) = (L 2 (0,), (■, ■)) and 
(Y, (■, -)y) = (-ffo(O), (•, where the scalar product (•, -)i is defined in Lemma 4.3. 
Then Y is dense in X and the inclusion Y — > X is continuous. Let 15: X — > X be 
the inverse of A. Then for all u G X, Btt G Y and (4.2) implies that for all v G Y 

(v,u) x = (v,Bu) Y - 

Thus B = B where B is as in Lemma 4.4. Now Lemma 4.4 and Lemma 4.3 imply 
the proposition. □ 
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5. Some nonlinear estimates 

In this section we assume that /:f!xl^Risa function satisfying Hypothesis 
1.3. 

Lemma 5.1. Let X be a Banach space and A: D(A) C X — > X be a sectorial 
operator with rea(A) > generating the basic family X a , a G [0, oof of fractional 
power spaces. Suppose that X 1 / 2 is continuously included in L 6 (Q) and X = X° 
is continuously included in L 2 (Q). Then for every p G [2, 6[ there is a (3 G [0, l/2[ 
such that for all a G ]/3, 1[ the space X a is continuously included in L P {Q). 

Proof. If u G X 1 / 2 then u G L 2 (Q) flL 6 (fi) so, by interpolation of Lebesgue spaces, 
u G LP (ft) and 

II /I |)3 I 1 1-/9 
\U\LP < \U\ L 2\U\ L6 

where (3 = (6 — p)/(2p). Let S be the inclusion map from X 1 / 2 toY = LP(fi). 
Since, by interpolation of fractional power spaces, 

I, nx , 1/2 1 ,1/2 _ 

| w |xV2 < G|u]^o Nx 1 ' W G A 

for some constant C G [0, oof we see that, for u G D(A) = X 1 C X 1 / 2 = D(B), 
\Bu\ Y < C"|u|5ro|u|^/ 2 < C"|u|^ (C|u|^o 2 |«lxi 2 ) 1_ ^ 

for some constant C" G [0, oof, where (3 = (1/2)(1— /?). By [11, p. 28, Exercise 11] we 
now obtain that for every a G ]/3, 1[ the map BoA~ a is defined and continuous from 
X to y. Thus X a = R(A~ a ) is continuously included in L p (ft), as claimed. □ 

Lemma 5.2. Let X be a Banach space and A: D(A) C X ^ X be a sectorial 
operator with rea(A) > 0, generating the family X a , a G [0, oof of fractional 
power spaces. Suppose that X 1 ! 2 is continuously included in iLj(O) and X = X° 
is continuously included in L 2 (0). Let w:Q — > R be such that w G £ 1 for some 
7 g]0, If. Then for all a G ](7/2), 1], i/ie mapping u 1 1//2 u defines a bounded 
linear fuction from X a to L 2 (0) . 

Proof. It is easy to check that w G £ 7 if and only if there exists a constant C" such 
that 

\\w\ 1/2 u\ L 2 < C'\u\] I1 \u\ 1 I ^' y , u G H£(tl). 

Let B be the map from X 1 / 2 to Y = L 2 (0) defined by the assignement u \— > |w| x / 2 ti. 
Since, by interpolation of fractional power spaces, 

I, ^ 1 1/2 1 1 1/2 ^ 

< C |W|^0 l^lxl 7 1l6 A 

for some constant C G [0, oof we see that, for u G = X 1 C X 1 / 2 = D(L>), 

I -Bit | y < C'|w|^- 1/2 M^o 7 < C'lul^o 1 (Clu^J-ilu^J-o ) 7 

= C C I 1* I ^1 | It | Y§ ^ = C (-s\Av)CLrQ | It | ^ 
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for some constant C G [0, oof. By [11, p. 28, Exercise 11] we now obtain that for 
every a G ]7/2, 1[ the map B o A~ a is defined and continuous from X to Y. Thus 
B is a bounded linear map form X a = R(A~ a ) to Y = L 2 (0), as claimed. □ 

Proposition 5.3. Let X = L 2 (Q), A:D(A) C X — > X a sectorial operator with 
rea(A) > 0, generating the family X a , a G [0, oof of fractional power spaces. 
Suppose that X 1 / 2 is continuously included in Hq(Q). Let q = (6/(p+ 1)) and 
V = (q/( a ~ !))• If p > 2 or a 2 e~ S\, then choose a G ]0, (l/2)[ such that 
a > max{7/2, (1 — (6 — p)/2p))/2}, so X a is continuously included in L P (Q) (by 
Lemma 5. 1) and the mapping uh lal 1 / 2 ^ is bounded from X a to X (by Lemmab.2). 
Ifp = 2 and a 2 G £\ then let a = 0. 
Let F: O x R -> R be defined by 



F(x,u) = / f(x, s) ds, 
Jo 



whenever s i— > f(x,s) is continuous and F{x,u) = otherwise. Then F maps 
X 1 ! 2 into L 1 (fi) and t/ie operator F:X 1 / 2 — > L x (0) is Frechet- differentiate with 
DF{u).h = f{u) -hforu, he X 1 / 2 . 

If J) > 2, then for every u G X 1 / 2 the function f(w): X a — > R, 



u i— > / u(x))i;(a;) dx, 
in 



is defined, linear and bounded, hence f («) 6 I a . 

Ifp = 2, then for every u G X 1 ^ /ei f(u) := /(u) eX = X~ a . 

For all ~p G [2, A[, the operator f : X 1 / 2 — > X _a is Lipschitzian on bounded subsets 
ofX^ 2 . 

Proof. Hue X 1 / 2 then u G L 2 (0) n L 6 (0) so u G Z7(fi) for every r G [2,6]. In 
particular, f(u): 0, — > R and F(u): fi — > R are measurable. 
Now, for ti £ I 1 / 2 we have that 

/ |F(x,u(x))|da; 
in 

< / (|/(x,0)w(x)| + C||a(x)| 1/2 w(x)| 2 /2 + C|w(x)|^+ 2 /(p + 2))dx < oo 
in 

as p + 2 G [2,6]. Hence F(u) G L 1 (0). Moreover, for u, h G A" 1/2 we have 



n 



< / (|/(x,0)/i(x)| + C|a(a:)w(a:)/i(a:)| + C|w(x)p +1 |/i(x)|dx) 
in 

< \f(0)\L*\h\ L * +C\\a\ 1 / 2 u\ L2 \\a\ 1 / 2 h\ L2 +C\u\l+ r 1 \h\ L e, 
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where r = (6/5) (p + 1). It follows that for every u G X 1 / 2 the map h i— > f(u) ■ h is 
linear and bounded from X 1 / 2 to L x (0). Now, for it, h G X 1 / 2 , 

|F(u + ^)-F( U )-/(u).fe| L i 

= / it (a;) + /i(x)) — — /(x, u(x))h(x)\ dx 

Jn 

< C I (\a(x)h(x)h(x)\ + max(l,2^- 1 )(|w(x)p+ dx 

in 

< ZJ\\a\^ 2 h\ 2 La +Cmax(l, 2^- 1 )(|«|J r + \h\l r )\h\ 2 L e, 



where r = (6/4)p. This shows that the operator F:X 1 / 2 — > L 1 (0) is Frechet- 
differentiable with DF(u).h = f(u) • h for u, h G X 1 / 2 . 

Now suppose p > 2 or a 2 ^ £i. The fact that X a is continuously embedded in 
L 2 {Vt) and in L P (Q) (with a common embedding constant C G [0, oof) implies that, 
for all v G X a , 

I \f(x,u(x))v(x)\dx 
Jo, 

< [ (\f(x,0)v(x)\ + C\a(x)u(x)v{x)\ + C\u(x)\ p+1 \v(x)\)dx 
Jn 

< \T(0)\lz\v\lz + C\\a\ 1 ' 2 u\ L 2\\a\ 1 / 2 v\ L 2 + K^Mlp 

< C(|/(0)| L2 + C\\a\^ 2 u\ L , + MJ^M*.. 

Thus, indeed, the function f(-u):X a — > R, u i— > J* n /(:r, it(:r))i;(:E) dx, is defined, 
linear and bounded, hence f(ix) G X _a . Similarly, we obtain for u, h G X 1 / 2 and 
v G X a , 



|(/(x,u(x) +h(x)) - f(x,u(x)))v(x)\ 



dx 



< C 



[ {\a{x)h(x)v{x)\ + max{l,2 p - 1 )(\u{x)\ p + \h{x)\ p )\h{x)\\v{x)\) dx 

JVL 

< CWa^hlM 1 ^^ +C(\u\l 6 + \h\l 6 )\h\ L e\v\ LP 

< CiCWa^h^ + C(|< 6 + \h\l 6 )\h\ L e)\v\ Xa . 

This shows that the operator f : X 1 / 2 — > X~ a is defined and Lipschitzian on boun- 
ded subsets of X 1 / 2 . 

Now suppose p = 2 and a 2 G E\. Then similar arguments show that 

\f(u)\ L * < |/(0)| L2 +C(\au\ L2 + |<t { i +1) ), 

\f(u + h)-f(u)\ L2 

<C|a/i| L2 +Cmax(l,2^ 1 )(|< 2( , +1) + |/i|^ +1) )|/i| 
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and 

\F(u + h)-F(u)-f(u)h\ L i 
< (C\ah\ L 2 +Cmax(l,2^- 1 )(| 

Again this shows that the operator f: X 1 / 2 — > X _a = X is defined and Lipschitzian 
on bounded subsets of X 1 / 2 . □ 

6. Tail estimates and the existence of attractors 

Let A be the operator defined in Proposition 4.5 and X a , a E R, A( a ), a E R 

and A(_ a ), a E ]0, oof, be the spaces and the operators defined in Proposition 2.2 
with respect to A = A. 

If p = 2, then, by what we have proved so far, the parabolic equation 

u = —Au + f (it) 

defines a local semiflow 7r on X 1 / 2 . 

If p E ]2, 4[, then choose a G ]0, (1/2) [ as in Proposition 5.3. Then the parabolic 
equation 

u = -A ( _ Q) w + f(^ 1 1 /2)j _ Q w) 

defines a local semiflow n on </7( 1 / 2 ) ) _ a [X 1 / 2 ]. 

Let 7r be the local semiflow on X 1 / 2 which is conjugate to n via the conjugation 

p ( i /2)i _ a :XV2^ (1/2)) _ a [xV2]. 

While the local semiflow 7r depends on a, it is not difficult to prove that 

Proposition 6.1. For]) E ]2, 4[, the local semiflow n is independent of the choice of 
a E ]0, (1/2) [ such that X a is continuously imbedded in L p (Q) , where p= (q/(q — l)) 
andq = (6/(p+l)). 

From the definition of 7r we thus obtain, choosing a = if p = 2, that 

Proposition 6.2. Whenever T E ]0, oo] and it: [0, T[ — > X 1 / 2 is a solution of n, 
then u is continuous on [0, T[, differentiable (into X 1 / 2 ) on ]0, T[ and, for t E ]0, T[ 

(P0 t -a(u(t)) = -Ai_ a u(t) +f(u(t)), 

where u{t) := d(u; X 1 / 2 )^) = d(u; X°)(t). 
Proposition 6.3. Define the function C: Hq(Q) — > R 6y 

£(u) = (l/2)(u,u) x i /2 - / F(x, it(x)) da;, it G i^Q (O). 

Let T E ]0, oo] and u: [0, T[ -> ^(O) = X 1 / 2 & e a solution of n. Then the function 
C o it is continuous on [0, T[, differentiable on ]0, T[ and, /or t G ]0, T[, 

(6.1) (Co U )'(t) = -\u(t)\ L 2. 
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Proof. By Proposition 5.3 the function C is Frechet differentiable and 
DC(w).v = (w, v) x i/2 — / f(w(x))v(x) dx, w, v G X 1 / 2 . 

Thus, by Proposition 6.2, C o u is continuous on [0, T[, differentiable on ]0, T[ and, 
for£G]0,T[, 

(£ou)'(t) = (u(t),u{t)) x i/2 - [ f(u(t)(x))u(t)(x)dx. 

Jo, 

If p > 2, then the last statement of Proposition 2.2 implies that 

(u(t),u(t)) x i/2 = (Ai_ a u(t)).u(t) 
and so, by Proposition 5.3 and 6.2, 

(£ o u )'{t) = (AL^ft)).^) - i{u{t)).ii{t) = (A!_ a u(t) - f 

= (-¥>0,-aW(*))-«(*) = -(u(t),u(t)) X 

This proves formula (6.1) for p G ]2, 4[. A similar but simpler argument proves (6.1) 
for p = 2. □ 

Corollary 6.4. n is a global semiflow onY = Hq(Q) and it satisfies properties (2), 
(3) and (4) of Proposition 2.1. 

Proof. Proposition 6.3 together with Proposition 5.3 implies that C is continuous 
and nonincreasing along solutions of tt. Thus, for all uq G Hq(Q), writing u(t) = 
UQirt for t G [0, u Uo [, we obtain 
(6.2) 

(l/2)(u(t),u(t)) x i /3 <(l/2)(u ,«o)xv a - / F(x,w (^))da: 

+ / F(x, u(t) (x)) dx < (1/2) (uq,uq) x i/2 - / F(x, ito(a;)) dx 
Jn Jn 

+ / c(x) dx, t G [0,a; tto [. 

It follows that every solution of n is bounded in Y and so, as 7r does not explode 
in bounded subsets of Y, n is a global semiflow. Proposition 5.3 also implies that 
every bounded set B is 7r-ultimately bounded, with ts = 0. Moreover, C(u) > 
— J Q c(x) dx for every u G Y so £ is bounded from below. If u: [0, oof — > y is a 
solution of 7T along which £ is constant, then, by Proposition 6.3, w(t) = for 
all t G ]0, oo[ and this clearly implies that u is a constant solution so u(0) is an 
equilibrium of tt. Let wo be an equilibrium of tt. Suppose first that p > 2. Then 
A( 1 _ Q )ito is defined and A( 1 _ a )fXo = f(«o)- It follows that 

(u , u ) x i/2 = (A(i_ Q )U ).wo = (f(wo))-Wo = / /(x, w (^))«o(^) dx < / c(x) dx 

so the set of all equilibria of n is bounded in Y. A similar but simpler argument 
shows that, if p = 2, then again the set of all equilibria of tt is bounded in Y. The 
proposition is proved. □ 

We can now state our basic result on tail estimates. 
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Theorem 6.5. R — > [0, 1] be a function of class C 1 with $(s) =0 for s G ] — oo, 1] 

and tf(s) = 1 /or s G [2, oof. Let := $ 2 . For k G N Zet t/ie functions d k :R N -> R 
and R N — > R 6e defined by 

d k (x) = ${\x\ 2 /k 2 ) and d k {x) = tf(\x\ 2 /k 2 ), x G R N . 

Set C# = 2v / 2sup y€R |#'(y) | and C-$ = 2v^2sup yeM |t? (y)|. Let k G ]0, Ai[ 6e arbi- 
trary, where Ai is defined in Hypothesis 1.2. For every fe G N Zet 

6jt = max(aiC^-/c -2 , 2aiC^-/c _1 , aiC^/c -1 ) 

and Cfc = J" n , d k {x)c{x) dx. 

T/ien whenever R G [0, oo[, r G ]0, oo[ and it: [0, oof — > -ffo(fi) is a solution of it 
such that \u(t)\ H i < R for all t G [0, t], then, for every t G [0, r], 

(6.3) / $ k (x)\u(x)\ 2 dx<R 2 e- 2Kt + (b k R 2 + c k )/K. 
Jo, 

Proof. Since V$ k (x) = (2/k 2 )$'(\x\ 2 /k 2 )x and V$ k (x) = {2/k 2 )t {\x\ 2 /k 2 )x we 
see that 

(6.4) sup |W fc (a;)| < C#/k and sup |W fc (a;)| < C^/k. 

Assume first that ~p > 2. 
We claim that, for all v G /^(O) = X 1 / 2 , 
(6.5) 

(-A.(i- a )v).(-& k v) + K / ^ fc (x)|v(a;)| 2 da: 

Jo, 

< [ (( ai C^k- 2 )\v\ 2 + (2a 1 C^k- 1 )\v\\Vv\ + (a^k-^lvWVvDdx. 
Jo, 

To prove (6.5), we may suppose that v G X 1 since the general case follows by the 
density of X 1 in H%(Q). Now, if v G X 1 , then 

(-A(i_ a )u).(0 fc i;) = (-^o_ a A«).(tf|t«) = (-Aw,4t;)x 

so, using (6.4), we obtain 

HwM^ + k / ^WWf^ / <M*)(-A»)(*)d* 

in in 

+ k [ ti k \v(x)\ 2 dx = [ (-(AVv)(x) ■ V(-d k v)(x) - $ k f3{x)\v{x)\ 2 ) dx 

+ k[ $ k \v\ 2 dx= [ (-(AV(d k v))-V($ k v)-(/3(x)-K)\$ k v\ 2 ) dx 

+ [ (\v\ 2 (AX7$ k ) ■ W fc + 2v? fc (AWjfc) • Vv - v(AV$ k ) ■ Vv) dx 

< / ((a 1 C^k- 2 )\v\ 2 + (2a 1 C J k- 1 )\v\\Vv\ + (a 1 C^k- 1 )\v\\Vv\)dx. 
Jo, 
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This proves (6.5). 

For fceN define the function V k : H&(ti) -> R by 

V k (u) = (1/2) / $ k {x)\u{x)\ 2 dx, u G Hq(CL). 
Jo, 

Then V k is Frechet differentiable and 

DVk{ u)v= [ MMWix, «,« efl J ( n). 

Let it: [0, oo[ — > ifg (^) be a solution of tt. By Proposition 6.2, Vfc o« is differentiable 
on ]0, oo[ and, for t G ]0, oof, 

(V k o u)'{t) = [ d k (x)u(t)(x)u(t)(x) dx = (u(t), d k u{t)) x - 
Jil 

By results in [14], d k u{t) G H&(Cl) = X 1 / 2 C X a . It follows that, for t G ]0, oo[, 

(u(*),#fcu(*)>* = (<PO,-aU(t)).(0 k u(t)) = (-A {1 _ a)U (t)+f(u(t))).($ k u(t)) 

so, using (6.5), we obtain 
(Vfc o + 2«(Vfc o u )(t) = (-A (1 _ a) u(t)).(-& k u(t)) 

+ [ f(u(t))(x)($ k u(t))(x)dx + K [ i} k (x)\u(t)(x)\ 2 dx 

<(-A (1 _ a) u(t)).($ k u(t)) + K / $ k (x)\u(t)(x)\ 2 dx + / $ k (x)c(x)dx, 

Jo, Jo, 

< [ {( ai C^k- 2 )\u(t)\ 2 + (2a 1 C-;k- 1 )\u(t)\\Vu(t)\ + (aiCtffc-^luWHVuWDda; 

+ / d k (x)c{x) dx 
Jo, 

Thus, whenever R G [0, oof, r G ]0, oof and |it(i)| H i < R for all t G [0, r] then 

(Vfc o «)'(*) + 2«(V fc o u )(t) < b k R 2 + c fc , * G ]0, r] . 

This implies that 

Vfc(u(*)) < e- 2Kt V fc (w(0)) + (6 fcJ R 2 + c fc )/(2«), * G [0, r] . 

This clearly implies that (6.3) holds for every i G [0, r]. This proves the theorem 
for p G ]2,4[. Similar, but simpler arguments prove the theorem for p = 2. The 
theorem is proved. □ 

We can now prove 
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Theorem 6.6. The semiflow n is asymptotically compact. 

Proof. Let B be an ultimately bounded subset of Y = Hq(Q), (v n ) n be a sequence 
in B and (t n ) n be a sequence in [0, oo[ with t n — > oo as n — > oo. We must show 
that there is a subsequence of (v n irt n ) n which converges in 1". 

There is a ts G [0, oof and an R G [0, oof such that \vnt\ H i < R for all v G B 
and £ G [is, oof. We may assume w.l.o.g. that t n > £s + 1 for all n G N. For 
n G N let s n = t n — ts and u n : [0, oof — > Hq (Q) be defined by u n (s) = v n iz{tB + s) 
for s G [0, oof. Then, for n G N, r n := s n — 1 > and it n is a solution of 7r with 
\u n (s)\ H i < R for all s G [0, oof and u n (s n ) = v n Tvt n . 

Suppose that p > 2. 

We claim that 

,„ „s There is a strictly increasing sequence (n m ) m in N and a u G i^o(^) 
such that (Mn m (T nm )) m converges to v in L 2 (0). 

Let w n = <P(!/2),- a ° w n , n G N. Then u n is a solution of 7r and («„ m (r„ m )) m 
converges to v := V(i/ 2 ),-a^ in Vo-af^]- Thus (w nm (r nm )) m converges to v in 
X _a . Using Proposition 3.1 (with appropriately modified notation) we see that 
(u nm (T nm + l)) m converges to vrcl in Lp 1 / 2 - ol [X 1/2 ]. This means that {u nm (s nm )) m 
converges to virl in X 1 / 2 and completes the proof of the theorem. 

Thus we only have to prove (6.6). Let (3k be the Kuratowski measure of non- 
compactness on X = L 2 (0). Then for every k G N and no G N, 

Pk{ u n (r n ) | n G N } < /3 K { (1 - tffcK(r n ) | n G N } + (3 K { ^ k u n {r n ) \ n G N } 

= (3 K { (1 - $k)u n (T n ) | n G N } + /3 K { ^fcWn(Tn) | U > 7l } 

By Theorem 6.5 and the fact that r n — > oo as n — > oo, for every £ G ]0, oof there 
are a G N and an no G N such that | , i?fc'U n | i 2 < e for all n > hq. Thus, for every 
e G ]0, oof, there is a G N such that 

PK{u n (T n ) |neN}</? K {(l-4K(r„) | ?iGN} + £. 

Since 1 — G Cq (M n ), results in [14] imply that the map mh (1 — i} k )u is compact 
from Hq(Q) to L 2 (0) and so 

M(l-^feK(r n ) |nGN} = 0. 
We therefore obtain that 

/?K{«n(r„) | n G N } = 

and so there is a strictly increasing sequence (n m ) m in N and avG L 2 (0) such that 
(w nm (r nm )) m converges to v in L 2 (0). Since (u nm (r nm )) m is bounded in H%(Q), 
by taking a further subsequence if necessary, we may assume that (u nm (r nm )) m 
converges weakly in Hq(Q) (and hence in L 2 (Q)) to some w G Hq(Q). Thus w = v 
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and (6.6) follows. This proves the theorem for p G ]2,4[. Similar (and simpler) 
arguments establish the proof for p = 2. The proof is complete. □ 

We may now prove the main result of this paper. 

proof of Theorem 1.4. In view of Corollary 6.4 and Theorem 6.6, Proposition 2.1 
implies part (1) of the theorem. If p = 2, then, noting that a = in this case, 
Theorem 3.2 implies part (2) of the theorem. If p > 2, then, by part (1), tx is a 
global semiflow on ip( 1 / 2 ) ) - OL [X 1 / 2 ] and it has a global attractor A := ( P(i/2),-a[A]. 
Thus, by Theorem 3.2, A lies in tpi- a ^- a [X 1 ~ a ] and is compact in </?i_ aj _ a [X 1_a ]. 
This implies part (2) of the theorem in this case. The proof is complete. □ 

7. Appendix 

We will prove Proposition 2.2. We require the following simple and known result. 

Lemma 7.1. Let and F^, k G {1, 2}, be real or complex normed spaces with E 2 
and F 2 complete. Let e: E\ — > E 2 , /: F\ — > F 2 and B\.E\ — > F\ be linear isometries 
with Bi bijective. If e[E{\ is dense in E 2 and f[Fi] is dense in F 2 , then there is 
a unique continuous map B 2 :E 2 — > F 2 such that B 2 o e = / o B\. B 2 is a linear 
bijective isometry. 

Proof of Proposition 2.2. It is immediate that for all a, (3 G K with (3 > a the map 
ipj3 : a — > X a is defined, linear and bounded. The density of X s in X 1 for all 7, 
5 G ]0, 00 [ with 5 > 7 implies that 

^7 ^ for all a, (3 G R with /3 > a the map </?(3,a is injective and Lpp^ a [XP] is 
dense in J Q . 

Now formula (2.3) and an integration using Holder inequality shows that 

(72 , \APx\x < ^xl^lA^xfx, for all a, 7 G K, 5 G [0,oo[, G [0,1] and 
1 ' ' xeX s with a < 7 < 5 and /3 = (1 - 9) a + 67. 

Formula (2.2) and the definition of the maps <p/3, a implies that 



For all a G ]0, oof, (3 G [0, 00 [ and x G X 

\ip ! 3^- ol A- l3 x\ x v-« = \A~ a x\x. 



Using this formula (for (3 = 0) we see that 

(7.4) \fs, a x\ X " = \A a x\ x , for all a G K, 5 G [0, oof and x G X s with 5 > a. 
Now (7.1), (7.2) and (7.4) imply the interpolation inequality 



(7.5) 



Wi,I3 x \xp ^ l^i.a^lx^MxT' f° r an a, 7 G 1R, 6* G [0,1] and x G X 1 
with a < 7 and /?=(! — 6>)a + ^7. 
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A straightforward proof by cases also shows that 

(7.6) <p aj a = Idx«, «6K 
and 

(7.7) ¥> 7l « = ¥>/?,« °¥> 7 ,/3, «,/?,7 e M, 7 > > «• 

For all a, /3e [0, oo[, (2.2) implies that A~P[X a ] = X /3+Q and for all y G X a 
\A-Py\ xfi+a = \A-^A a y\ x0+a = \A a y\ x = \y\ Xa . 
This implies that 

^ g ^ For all a, (3 G [0, oo[, A~f } := A-P\X a : X a -> A^+ a is a linear bijective 
isometry. 

For every a G ]0, oof, (3 G [0, oof formula (2.2) implies that ipp t p- a is an isometry 
from the space X@ endowed with the (in general incomplete) norm x i— > np- ol (x) := 
|A^~ Q x|x to the Hilbert space A^ _a . The same formula with (3 = shows that 
<fo,-a is an isometry from the space X = X° endowed with the (in general incom- 
plete) norm x i— > n_ Q (x) = |A _a x|x to the Hilbert space X~ a . Since A - ^ is a 
bijective isometry from X endowed with the norm n_ a to X@~ a endowed with the 
norm np- a it follows from Lemma 7.1 that 

For every a G ]0, oo[, (3 G [0, oo[ there is a unique continuous map 
(7.9) A-f a) :X- a - A^"" with A7f a) o <^,-a = ^ >j9 _ Q o A _/3 . A~f a) is a 
linear bijective isometry. 

Now, for a G R and /3 G ]0, oof we may define the map A? X a -> A A - /3+Q by 



(7.10) < } = (V/9+a))" 1 - 



We also set A^ := A^ a y The above definitions and simple density arguments show 
that 

For all 7, f G I with 7 > 7' and all /3 G R, 

(7.11) 4 /3 4 /3 

-0+7' ° A ( 7 ) = A ( 7 ') ° V?7,7' 

and 

(7.12) For all a, (3 and 7 G R, Af_ 7+a) o A^ a) = Af+ 7 . 

Since for a, /3 G R with (3 > a the map <^g )Q is bijective onto its range, we may, for 
all a, (3 G ]0, oof define the map 
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We also set 4(- a ) := ^-(-a)- 



It follows that ^_ a ) is bijective and its inverse is ^-(_f Q ) : = ¥p-a,-a ° ^-(-? a ) - 
We claim that ^ is symmetric with respect to the scalar product onl" 



First notice that 

(7.13) i?"Vo ,- a i = A~ 2a x, aG]0,oo[,ieX 
This implies that, for u and v E X 

(<fi ,-aU,<fio,- a v) x - a = (A- 2a u,A- 2a v) x °< = (A- a u,A- a v) x 

so 

(7.14) (<Po,- a u, <p - a v) x -« = (A~ a u, A~ ol v)x, a. E ]0, oof , u, v E X. 

Since Af a , is the inverse of AT 13 , and A 13 is the inverse of A~^ ', we obtain 
from (7.9) 

(7-15) A^_ a) o p0 )j9 _ a = p _ a o 40. 

Hence, for it E X^ 3 , we obtain from (7.15), 

^f /3 _ a )V ; '/3-a - a <Pp,(3-aU = _ a) (f p )/3 - Q W = (po,- a A^U. 

Using (7.14), we thus obtain, for it, v E X' 3 , a; = (pp- a: - a (pp } p- a u and y = 

(A (3 (f} _ a) x,y) x - a = (A- a u,A- a A^v) x = (A~ a u, A^A~ a v) x 
and in particular 



For uE X p and x = (pp-a-aVp^-aU, 

Similarly, 



(7 ' 16) ( A (p- a) x i x )x-° = (A~ a u, A^A- a u} x . 



{x,A[ p _ a) y) x - a = (A^A- a u,A- a v) x . 
Now the symmetry of A 13 relative to the scalar product on X shows that 
(7-17) (A P {f3 _ a) x,y) x - a = {x,A^_ a) y) x - a . 

for x, y E cpp- a - a [cpp p- a [X^]]. Thus, by density, (7.17) holds for all x, y E 

L (/3-a) 

r-/3 



^PP~ a, — a 

[X% proving our claim. This claim implies that the map A P {0 _ a) is self- 



adjoint and so its inverse ^-(_ Q ) is symmetric on X a . Moreover, (7.12) implies 
that 

(7-18) = A~f a) o A~J aV a, 0, 7 E ]0, oo[ . 
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In particular, A7^ a ) is nonnegative. 

Now, let a G ]0, oo[ be arbitrary. Since rea(A) > there is a 5 G ]0,oo[ such 
that 

{Ax, x)x > S{x, x)x, x G X. 
Hence, by (7.16), for u G X 1 and x = (pi- a - a (pi,i- a u, 

(7.19) (Al^x, x) x - a = {A~ a u, A 1 A~ a u) x > 5{A~ a u, A~ a u)x = 6{x, x) x - a 

This implies, by density, that reff(iJ 1 _ Q j) > so B := A^ 1 _ a ^ generates the family 
B~P , /3 G ]0, oof, of basic fractional power spaces of B. By (2.2) 

(7.20) £-0-7 = B -P o S" 7 , 7 G ]0, oo[ . 
We claim that 

(7.21) B-P = A^ a) , /3e]0,oo[. 

Let Z be the set of f3 G ]0, oof with = ^4^f a ) • Clearly, 1 G Z and so induction on 
m G N using (7.18) and (7.20) imply that Z contains all integers. Since nonnegative 
symmetric operators on a Hilbert space have unique nonnegative square roots, it 
follows by induction on k G N (again using (7.18) and (7.20)) that Z contains all 
numbers of the form m/2 k with m, k G N. The set Zq of such numbers is dense in 
]0, oof. Now let (3 G ]0, oof be arbitrary and (f3 n ) n be a sequence in Zq converging 
to p. By formula (2.1) we have that 

\B~ Pn x - B~ l3 x\x-« -> 0, xeX~ a 

and 

\A~^x - A- p x\x -> 0, igI 
In particular, using the fact that 

^Za^O.-aW = ,-a-4" 7 W, «, 7 G ]0, Oof, tl G I 

we obtain that 

\B~ 0n (f O - a U - B _/ Vo,-a«U-<* -> 0, UGl 
|JC£"<P0,-aU - AZa<P0-aU\ X -c -> 0, «Gl 

Thus 

B~ P ip _ a U = AZa<P0,-aU, U (z X 

so, by density, £? _/3 = and thus (3 <E Z. This proves our (7.21). We obtain 
from (7.21) that 
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We also claim that 

(7.22) For all (3 G ]0, oof, (pp_ a _ a is an isometry of X^~ a onto X^. 

To prove this claim, let x, y G X^~ a be arbitrary and let x = <pp- a - a x, y = 

'■P 'f3 — a, — a 

y. Suppose first that x = <pp,p- a u, y = <pp t p- a v with u, v G X? . Then, 
by (7.15), B^x = ipo-aA^u and B^y = ipQ_ a A^v. Therefore, using (7.14) we 
obtain 

(x,y) x e = {B^x,B^y) x - a = {ip Q ,_ a A^u,ip Q ,. a A^v) x - a = (A~ a A^u, A~ a A?v) x 
= (A l3 - a u,A l3 - a v) x . 

If - a > 0, then 

(A0- a u,A0- a v) x = (u,v) xP - a = (x,y) xP - a . 
If P-a < 0, then, by (7.14), 

= (x,y)x-(«-p) 

Thus, in both cases, (x,y) x p = (x, y) x /3- a . Since the set (pp t p- a [XP] is dense in 

A^- Q , (7.22) follows. 
We further claim that 

Whenever a G [0, (1/2) [, x G X 1 " and v G X 1 / 2 C X a , then 

(A {1 _ a) x).v = {x,v) x i/2. 

Here, the dot '.' denotes function application between an element of X~ a and X a . 
To prove this claim, assume first that x G X 1 . Then, by (7.15), At 
and so using the Frechet-Riesz theorem and (7.13) we obtain 

(A(i_ a )x).v = (v,R~ 1 <p - a Ax)x<* = (v, A~ 2a Ax) x - = (v,Ax) x = (v,x) x i/2 

so the claim follows in this special case. The general case follows by the density of 
I 1 inl 1 " and inX 1 ^. 

The proposition is proved. □ 
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